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Introduction

In this report, we will compare several algorithms
for obtaining solutions or approximations to the 2-
Dimensional Euclidean TSP. Specifically, we explore
the following solution methods:

e Christofides’ algorithm, a polynomial time
method of obtaining an approximate solution
to the metric TSP with an upper bound on the
ratio of the given tour to the true optimum value
of the TSP of 1.5

e Simulated annealing, a meta-heuristic that can
be combined with various methods to improve a
solution and obtain iteratively better approxima-
tions

o Integer Linear Programming, a technique involv-
ing modeling a problem as a series of linear equa-
tions and/or inequalities that will yield an opti-
mal solution at the cost of potentially exponential
runtime

Implementations of each approach are compared and
recommendations are provided based on the problem-
solving situation. We find that there is a tradeoff
between runtime and accuracy, with simulated anneal-
ing doing well as a compromise between these two
metrics.

Background

Let G = (V,E) be a complete graph, and let v €
R2,Vv € V. Define w : E — R as the weight of each
edge in E, corresponding to the Ly distance between
vy and vs.

A Hamiltonian circuit in G is a sequence of nodes
C = (v1,v2,...,0y,,v1) Where:
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Since G is a complete graph, our definition does not
need to describe any restrictions on the relationship

between consecutive nodes in C, because every possi-
ble pair of consecutive nodes corresponds to an edge
in E.

Define W(C) to be the sum of all edge weights
w(vy, v1) + Y1y w(v;, vi41) implied by the order of
nodes in C = (vy,va,...,Upn,V1).

We will explore the Traveling Salesman Problem (T'SP)
on G, which is known as the Euclidean TSP given the
constraints on G described above.

Let H(G) denote the set of Hamiltonian circuits in
G. The TSP is the problem of finding a Hamiltonian
circuit of minimal total edge weight, C*:

C* = argmin(C — W(C))
H(G)

Algorithmic approaches

This problem has been widely studied and is known
to be NP-hard. Because of this, many approximation
heuristics have been developed, aiming to obtain bet-
ter runtime with minimal impact W (C*) — W(C') of
the solution’s approximation on the objective value
compared to the optimum.

Christofides’ algorithm

Christofides’ algorithm, originally given in
Christofides (1976), is a method of obtaining
an approximate solution to the metric TSP (of which
the Euclidean TSP is one manifestation), starting
with a minimum spanning tree (MST) in the graph.
The algorithm follows these steps (enumerated in
Genova and Williamson (2017)) on a graph G-

e Find a minimum spanning tree T in G
o Identify vertices with odd degree in T’
e Find a minimum-weight perfect matching M of
these odd-degree vertices
e Combine edges of T'and M to form a graph TUM
— This set is connected because T is conected,
and satisfies the TSP constraint that all
nodes must have even degree, because we



added one edge to all vertices with odd de-
gree
e Find an Eulerian circuit (that is, a circuit that
touches all edges) in T'U M
e Create a TSP tour by shortcutting the Eulerian
circuit

This algorithm was introduced in the above-cited 1976
paper by Nicos Christofides, in which he also described
the runtime as O(n?). For the TSP, an O(n?) run-
time is not bad, especially when compared with the
exponential worst-case runtime we will see later for
the ILP formulation.

Also in the original paper, Christofides described the
approximation produced by the algorithm as being
upper-bounded by 1.5 times the optimal TSP solution.

Simulated annealing

Simulated annealing is a meta-heuristic that can be
applied to a variety of problems, as long as two ob-
jective values can be compared to determine which
is better, and there is a way to perturb a solution to
obtain one which is still valid but may have a different
objective value.

The heuristic method works as follows:

e We start with a randomized solution, and some
temperature T’

o Iteratively explore the neighborhood of the cur-
rent solution, perturbing the solution minorly

o After the solution is perturbed, decide whether
to accept the new solution or not based on T and
some acceptance function that takes the differ-
ence in objective value as an input

e Gradually decrease T over time, so that the
heuristic closes in on some local optimum

2-opt

We can explore the neighborhood of a TSP solution
using a technique known as 2-opt, which works as
follows:

e Select two edges to delete
o Add two edges to reconnect the tour

An example of 2-opt in action is provided in Figure 1.

Each iteration of 2-opt requires O(n?) time, as it
compares each pair of edges in the tour, and the tour
has n edges.

A similar heuristic is 3-opt, which also performs a
comparison-dependent transformation, but with 3

Figure 1: Before (left) and after (right) the application
of 2-opt

edges instead of 2. However, 3-opt requires O(n?)
time per iteration, so may not be as efficient e.g. in
simulated annealing.

So, with 2-opt, we can apply simulated annealing to
the TSP as follows:

o Choose some random permutation (v1,...,v,) of
V', and append v1, to get an initial solution

e Explore the neighborhood with 2-opt

e Compare solution to incumbent objective and
decide whether to accept or reject the transfor-
mation based on T'

ILP formulation

The last method of obtaining a TSP solution we will
discuss is the ILP formulation. An ILP, or integer
linear program, is a model for a problem that exclu-
sively uses linear inequalities and/or equalities (and
constrains some variables to be integers).

There are several different ILP formulations for the
TSP; we will explore the Dantzig-Fulkerson-Johnson
formulation (Dantzig, Fulkerson, and Johnson 1954),
which is widely known.

The ILP formulation for the TSP begins with these
constraints:

e C1: There must be exactly one edge that leaves
each node

e (C2: There must be exactly one edge that enters
each node

Denote {1,...,n} by [n]. If we let 2;; € {0,1} be the
variables that denote whether the edge from i to j
is used in the resulting tour, then we can represent
the above two constraints, along with the objective



function, as follows:
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However, with these constraints alone, subtours could
be permitted, as in Figure 2.

Figure 2: Subtours

To avoid subtours, we need to introduce subtour elim-
ination constraints. In the formulation we are using
these are incorporated by ensuring that no subtour
has as many edges as it has nodes:
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Because |P(n)| = 2", this formulation may require
exponentially many of these subtour elimination con-
straints, but there exist methods to generate these con-
straints as needed by detecting subtours. It has been
theorized (Pferschy and Stanék 2017) that for random
Euclidean TSP instances, the expected number of sub-
tour elimination constraints that are required to be
generated could be polynomially bounded; however,
this remains an open question.

There are various techniques to solve ILPs, but they
typically have the following steps:

o Solve the linear programming (LP) relaxation of
the ILP, in which the constraint that variables are
integers is removed. This can usually (with some
caveats - see Spielman and Teng (2001)) be done
in polynomial time with the simplex method

e Use a technique such as Branch and Bound to
obtain an optimal integer solution. This may

require exponential time, as we may need to check
each possible value on all of the n? variables z;;,

requiring 27" such checks

In practice, the TSP ILP can be solved quickly using
heuristics such as branch-and-cut (Mitchell 2002), but
large instances still pose problems for even state-of-
the-art solvers (for example, the TSP tour of 81,998
Korean bars found in (Cook et al. 2025) took 44 years
of compute). We will discuss this limitation further
in the next section.

Implementation

We now briefly describe the method of implementation
of each of these algorithms in Python, which we use
to roughly compare the algorithms in various metrics.

Christofides’ algorithm

The algorithm of Christofides is implemented in the
networkx package (Hagberg, Schult, and Swart 2008).
The algorithm is well-studied and the implementation
given in networkx is well-tested; furthermore, imple-
menting the algorithm itself is outside the scope of a
report of this nature.

Simulated annealing

The simulated annealing approach was implemented
using 2-opt, which was described above.

Pseudocode for the implementation follows:

SimulatedAnnealingTour(cities)
current_route <- random_permutation(cities)
current_dist <- tour_dist(current_route)
best_route <- current_route
best_dist <- current_dist
temp <- initial_temp
while temp > stopping_temp do
for iterations_per_temp iterations do
new_route, new_dist, diff <- 20opt(
current_route

)

if diff < O or prob_accept(diff, temp) then

current_route <- new_route
current_dist <- new_dist
if current_dist < best_dist then
best_route <- new_route
best_dist <- new_dist
temp <- temp * cooling_rate
return best_route, best_distance



The prob_accept function is a probabilistic accep-
tance function that depends on the current tempera-
ture and the difference between the old solution and
new solution. A typical function to use for this prob-
abilistic acceptance was introduced in the original
paper on simulated annealing (Kirkpatrick, Gelatt,
and Vecchi 1983):

P(AE,T) = e 7,

where acceptance is governed by the comparison of a
uniform U(0, 1) random variable with P(AE,T).

We chose the following initial conditions rather arbi-
trarily in order to get reasonable convergence times:

e initial_temp: 1000
e cooling_rate: 0.99
e stopping_temperature: 0.1
e iterations_per_temp: 100

These parameters led to a typical convergence period
of under 10 seconds when running on instances up to
150 vertices in size.

ILP formulation

The ILP formulation was implemented using OR-Tools
(Perron and Didier 2025). The formulation used was
the above-mentioned DFJ ILP formulation.

Results

Figures 3 through 5 compare execution time, memory
usage, and total distance by method. Figure 6 com-
pares the accuracy of the approximation algorithms
(Christofides, simulated annealing) against the opti-
mal solution (the ILP formulation).

Execution Time (s) vs. Number of Cities

—- sa
¥~ Ortools
—#— Christofides

Execution Time (s)

20 40 60 80 100 120 140
Number of Cities

Figure 3: Execution time

These results corroborate the analysis of the solution
methods given above, with some exceptions:

16000

14000

12000

10000

Peak Memory Usage (kB)
g 8
g £

4000

2000

11000

10000

9000

8000

3
8

Total Distance

6000

5000

4000

3000

Peak Memory Usage (kB) vs. Number of Cities

- sa
—— Ortools /
—#— Christofides

Figure 4: Memory usage
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Figure 6: Accuracy




e The execution times of the ILP formulation is
rather erratic for larger instances. This may be
due to quirks of the implementation, or random
chance (there were only 10 runs done per city
size).

e In the examples we are use to compare the three
algorithms, Christofides performs well within the
“1.5 times optimal” bound. This is likely because
the examples are smaller, and there are therefore
fewer opportunities for Christofides to make poor
choices. Additionally, in our implementation, we
use an average of 10 runs, which is unlikely to
reflect the upper bound given for a single solution.

Additional caveats on the results follow:

e The performance of simulated annealing is depen-
dent on the parameters for initial temperature,
cooling factor, and stopping temperature. Differ-
ent choices of these parameters may have led to
better results.

e Memory wusage is heavily implementation-
dependent. Christofides and the ILP formulation
likely required significantly more memory than
simulated annealing because they use external
libraries.

e The execution time was measured using wall time,
not CPU time.

Conclusions

The algorithm that should be chosen to solve the TSP
depends on the use case at hand:

¢ Simulated annealing can take some time to con-
verge, and its efficiency relies heavily on imple-
mentation. Even within a given implementation,
the chosen constants can incorporate a tradeoff
between performance and accuracy.

¢ Christofides’ algorithm can be a decent approxi-
mation, and is guaranteed to run in O(n?).

e The ILP formulation will produce an exact solu-
tion, but may take significantly longer time when
dealing with larger instances.

In general, the simulated annealing approach is
recommended as a tradeoff between execution time
and accuracy. The simplicity of implementation for
simulated annealing is another benefit not previously
mentioned - it was easily implementable without the
use of an external library. For those interested in using
simulated annealing but not interested in implement-
ing it, networkx (Hagberg, Schult, and Swart 2008)
supports a simulated annealing solution method in its
algorithms.approximation.traveling_salesman

library alongside its implementation of Christofides.
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